The experimental observation of traditional Zeeman-field induced Fulde-Ferrell-LarkinOvchinnikov (FFLO) superfluids has been hindered by various challenges, in particular, the requirement of low dimension systems. In 2D, it is well known that finite temperature phase fluctuations lead to extremely small Berezinskii-Kosterlitz-Thouless (BKT) transition temperature, raising serious concern regarding the observability of 2D FFLO superfluids. Recently, it was shown that FFLO superfluids can be realized using a Rashba spin-orbit coupled Fermi gas subject to Zeeman fields, which may also support topological excitations such as Majorana fermions in 2D. Here we address the finite temperature BKT transition issue in this system, which may exhibits gapped, gapless, topological, and gapless topological FF phases. We find a large BKT transition temperature due to large effective superfluid densities, making it possible to observe 2D FF superfluids at finite temperature. In addition, we show that gapless FF superfluids can be stable due to their positive superfluid densities. These findings pave the way for the experimental observation of 2D gapped and gapless FF superfluids and their associated topological excitations at finite temperature.
The exotic Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) superfluids [1, 2] with finite center-of-mass momentum Cooper pairing have played a central role in various fields of physics, such as heavy-fermion superconductors [3] [4] [5] , organic superconductors [6] , two-dimensional electron gases [7] , and cold Fermi gases [8] . Despite intensive search, no conclusive evidence of FFLO states has been experimentally observed. One challenge comes from the narrow region of the phase diagram where FFLO superfluids exist [9] . This region increases dramatically in lower dimensions [10, 11] . However, owing to thermal fluctuations, low dimensional systems cannot undergo conventional phase transition to a state with longrange order. In particular, in two dimension (2D), the relevant physics is the Berezinskii-Kosterlitz-Thouless (BKT) transition [12, 13] to a state with quasi-long-range order (i.e. vortex-antivortex (V-AV) pairs) [14] [15] [16] , with the critical temperature T BKT determined by the superfluid density tensor. However, in traditional Zeeman field induced FFLO states, the effective superfluid density for T BKT is extremely small (even zero for FF states) due to the rotational symmetry of the Fermi surface [17, 18] , raising a realistic question that whether FFLO states can indeed be observable in 2D at finite temperature.
In the past few years, synthetic spin-orbit coupling [19] [20] [21] [22] [23] [24] [25] has attracted increasing attention in cold atom community because of its key role in many intriguing physics such as topological superfluids [26] [27] [28] [29] [30] [31] [32] , which can accommodate Majorana fermions in low dimension with potential applications in fault-tolerant topological quantum computation [33] . In a spin-orbit coupled Fermi gas with an in-plane Zeeman field, FF superfluids are dominant in the low temperature phase diagram due to the asymmetric Fermi surface [34] [35] [36] [37] [38] [39] [40] [41] . Furthermore, topological FF superfluids were found with an additional out-ofplane Zeeman field [42] [43] [44] [45] [46] [47] [48] [49] . However, previous results are mainly based on mean-field theory, and it is natural to ask whether such FF superfluids can be observed experimentally at finite temperature in 2D through the BKT mechanism. In particular, these FF states exhibit gapless quasi-particle excitations in some parameter regions [35, 38, [46] [47] [48] [49] , whose stability becomes a serious issue, similar as the well known unstable breached pair (BP) phases with s-wave contact interactions due to the divergence of fluctuations [50] [51] [52] .
In this Letter, we address these crucial issues by studying 2D spin-orbit coupled Fermi gases with both in-plane and out-of-plane Zeeman fields in the presence of finite temperature phase fluctuations beyond mean-field theory. Our main findings are that: 1) The finite momentum of Cooper pairs leads to anisotropic superfluid densities along the x and y directions. However, they are both nonzero and large, in contrast to zero transverse superfluid density in traditional Zeeman field induced FF superfluids. This leads to a finite BKT transition temperature, making it possible to observe FF superfluids in 2D.
2) The superfluid densities for gapless states including gapless FF and gapless topological FF superfluids are positive, implying gapless FF superfluids are stable, which are different from the unstable BP phase with a negative superfluid density.
3) The changes of T BKT with respect to Zeeman fields exhibit an inflection point, where the gap of the quasi-particle excitation spectrum at zero momentum closes. In particular, this inflectional behavior is stronger for a gapless state because of the higher density of states. 4) The anisotropic superfluid density tensor leads to anisotropic V-AV pairs below the BKT temperature.
Zeeman fields and s-wave attractive contact interactions. The 2D system can be realized experimentally by a strong harmonic trap or deep optical lattices, which freeze atoms to the ground state along the third dimension. The many-body Hamiltonian reads
where the single particle Hamiltonian H s (p) =p 2 2m − µ + H SOC (p) + H z with momentum operatorp = −i (∂ x e x + ∂ y e y ), chemical potential µ, attractive interaction strength U , and the atom mass m. The Rashba SO coupling H SOC (p) = α(p×σ)·e z with Pauli matrix σ; the Zeeman field H z = h x σ x +h z σ z along the x (in-plane) and z (out-of-plane) directions.
creates (annihilates) a fermionic atom at r. In experiments, the SO coupling and Zeeman fields can be achieved by coupling two hyperfine states via Raman lasers for ultracold fermionic atoms [19] [20] [21] [22] [23] [24] [25] .
The partition function at temperature T = 1/β can be written as an imaginary time coherent path integral Z = Tr(e 
where the inverse single particle Green function
, kov basis, with 4 × 4 Bogoliubov-de Gennes (BdG) Hamiltonian
By postulating ∆(r) = ∆ 0 e iQy y in terms of the broken symmetry of the Fermi surface along the y direction [41] , the mean-field saddle point in the absence of phase fluctuations can be obtained by the saddle equations ∂Ω/∂∆ 0 = 0, ∂Ω/∂Q y = 0, and the particle number equation ∂Ω/∂µ = −n with a fixed total density n [46] . Ω = S ef f /β is the thermodynamical potential. Here the ultra-violet divergence can be regularized by 1/U = k 1/( 2 k 2 /m + E b ) with the binding energy E b . To study the effects of phase fluctuations, we set ∆(r, τ ) = ∆ 0 e iQyy+iθ(r,τ ) , where θ(r, τ ) is the phase fluctuations around the saddle point. The inverse Green function
+ Σ with the mean-field one
ef f with the contribution of the fluctuations S
n /2n. Expanding it to the second order yields
where J νµ is the superfluid density tensor (here J xy = 0) and the corresponding superfluid density ρ µν = 4mJ xy /( 2 n) scaled by the fixed total density; P is the compressibility. Compared to the formula for the normal BCS superfluids [16] , one additional term J τ y emerges because of the nonzero Cooper pairing momentum Q y . Note that these parameters cannot be expressed analytically and they are obtained via numerical approach (See supplementary materials). We have checked that the results in the absence of h x are exactly the same as previous results [16] .
By decomposing the phase θ(r, τ ) into two parts: a static vortex configuration θ(r) v and a timedependent spin-wave one θ(r, τ ) sw , the effective action contributed by phase fluctuations can be written as S
2 and spin-wave part
The integration of the spin-wave part gives
. This anisotropic linear spectrum has anisotropic sound speeds:
, and v y− = (J τ y + J 2 τ y + 4P J yy )/2P along the x direction, positive and negative y directions [46] . We note that anisotropic sound speed also exists in other anisotropic systems [53] , whereas the anisotropic behavior along the same direction can occur only in a FF superfluid. In a normal BCS superfluid, Q y = 0 and v = J xx /P [14, 16] .
In the presence of phase fluctuations, the parameters ∆ 0 , Q y , and µ can be calculated by self-consistently solving the saddle equations ∂Ω 0 /∂∆ 0 = 0, ∂Ω/∂Q y = 0, and the particle number equation ∂Ω/∂µ = −n, where Ω 0 = S 0 ef f /β and Ω = S ef f /β. Instead of the critical temperature determined by ∆ 0 = 0 in the meanfield theory, the critical BKT temperature is determined [13, 18, 53] (See supplementary materials) by
with J = J xx J yy that generally does not vanish at T BKT . Across T BKT that is much lower than the meanfield critical temperature, Fermi gases transit from a pseudogap phase (with nonzero ∆ 0 but without phase coherence) to a superfluid affluent with V-AV pairs (with both pairing and phase coherence). T BKT can be obtained by performing self-consistent calculation of the saddle point equations, the particle number equation, and Eq.(5). The energy unit is chosen as the Fermi energy E F = 2 K 2 F /2m of non-interacting Fermi gases without SO coupling and Zeeman fields with Fermi vector K F = (3π 2 n) 1/3 . The BKT phase transition for FF states was studied for imbalanced Fermi gases without spin-orbit coupling and it was found that the superfluid density in the direction perpendicular to the finite momenta of Cooper pairs is zero due to the rotational invariance of the Fermi surface [17, 18] , suggesting that FF superfluids may not be observable at finite temperature in 2D. Even considering the LO state, the critical temperature is still much lower because of the extremely high anisotropy of the superfluid density [17] . However, in Fig. 1 , we find that the BKT critical temperature T BKT for the FF superfluids is finite and large. Although the superfluid densities are still anisotropic, this anisotropy is not high enough to destroy the superfluidity at finite temperature. This result provides the theoretical foundation for the feasibility of observing FF states at finite temperature in a 2D system. It is expected that T BKT is much lower than mean-field transition temperature (shown in the inset of Fig. 1 (a) ), however, the finite momenta (shown in the inset of Fig. 1 (b) evaluated at T BKT ) of Cooper pairs are not destroyed by phase fluctuations. Fig. 1 (b) also shows ρ xx > ρ yy due to the deformation of the equal thermodynamic potential along the y direction, instead of ρ yy > ρ xx = 0 for Fermi gases without SO coupling [17, 18] .
With increasing in-plane Zeeman fields, the FF superfluids transit from gapped to gapless states [35, 38, [46] [47] [48] [49] due to the strong distortion of quasi-particle excitations along the y direction. The gapless FF superfluids exhibit a Fermi surface in quasi-particle excitations as shown in Fig. 2(b) . For a gapless superfluid, it is important to inquire whether the superfluids are stable. For instance, the famous gapless BP phase [50] with simple s-wave contact interactions was shown to be unstable with a negative superfluid density [51, 52] . In Fig. 1 , we see that the superfluid densities for gapless states (the critical point of which is marked by a short line) are positive and T BKT is finite, implying the superfluids are stable. Furthermore, there is an inflection point near the gapless transition point, corresponding to the minimum of the superfluid density and sound speeds. This point is exactly where the gap at zero momentum of quasi-particle excitations (shown in the inset of Fig. 1(c) ) closes, indicating that phase fluctuations have dramatic effects at zero momentum, whereas the gapless surface emerges at nonzero momenta. Analogous to the anisotropic superfluid density tensor, the sound speeds shown in Fig. 1(c) are anisotropic along the x and y directions and even different along the positive and negative y directions. The anisotropy increases with the increasing Q y with respect to h x until the speed of sounds reaches the mini- mum where the gap at zero momentum is minimum. At h x = 0, v x = v y+ = v y− with the value close to v F / √ 2 in the BCS limit.
In Fig. 1 (d) , we plot the BKT temperature with respect to the binding energy E b at fixed Zeeman fields. T BKT is a monotonically increasing function of E b , and approaches a constant value at large E b that is independent of h x , signalling the BCS-BEC crossover from BCS Cooper pairs to BEC tightly bound molecules. With increasing E b , the emergence of an inflection point is accompanied by the critical transition point between gapped and gapless FF superfluids, arising from reduced finite momenta of Cooper pairs by E b . Without Zeeman fields, no inflection appears because of the absence of transition between gapped and gapless superfluids.
In the presence of SO coupling and both in-plane and out-of-plane Zeeman fields, the topological FF superfluids [42] [43] [44] [45] [46] [47] [48] [49] can emerge when h z > h c , across which the quasi-particle gap at zero momentum first closes and then reopens. There are two types of topological FF superfluids: topological FF superfluids and gapless topological FF superfluids, corresponding to gapped and gapless quasi-particle excitations respectively. In Fig. 3 , we plot the changes of the BKT temperature T BKT ((a)), the superfluid density ((b)), and the speeds of sound ((c) and (d)) with respect to h z for fixed h x . Since both Zeeman fields are detrimental to the Cooper pairing, T BKT is a monotonically decreasing function of Zeeman fields. However, given the existence of a gap close point at the transition boundary, similar to the case with only inplane Zeeman field, it is expected that an inflection point can emerge at this point. Interestingly, Fig. 3 shows that this inflectional behavior is hardly noticed for small h x (red and green lines respectively for h x = 0 and h x = 0.2) for topological FF superfluids and becomes manifest with increasing h x , especially for gapless superfluids (blue line for h x = 0.5). Physically, this phenomenon results from the enlarged density of states at zero momentum for gapless superfluids as visualized in Fig. 2 . Similar to the case with pure h x , the sound speeds shown in Fig. 3(c) and (d) with respect to h z have the minimum at the topological phase transition boundary. Furthermore, the sound speeds along the x direction fall quicker than along the y direction with increasing h z , leading to the reverse of superfluid densities that ρ xx < ρ yy in the topological region at large h z . The reason is the symmetry restoration of the Fermi surface at large h z , where Q y begins decreasing.
In Fig. 3(a) , the dotted line represents T BKT at the topological transition points as h x varies, showing that T BKT decreases with increasing h x while the critical h z decreases. This indicates that the existence of h x cannot enhance the BKT temperature for the observation of topological superfluids. The grey region surrounded by the dashed-dotted line is where the gapless topological superfluids can be observed. Compared to the 3D case where the gapless topological superfluids are dominant [46] , this region is much smaller.
Below the BKT temperature, the superfluids are affluent with V-AV pairs, which can be obtained by solving ∇ × v s = 2π i n i δ(r − r i ) and the minimization of
2 )] withx = x/ρ,ȳ = yρ, andā = a/ρ. Interestingly, the anisotropic superfluid densities induced by the finite momentum pairing results in anisotropic V-AV pairs (See supplementary materials) in contrast to isotropic ones in normal BCS superfluids for Rashba-type spin-orbit coupled Fermi gases [14] [15] [16] 54] . Anisotropic V-AV pairs have also been discussed recently where the anisotropy is caused by the anisotropic SO coupling [53] , instead of FF pairing here.
To summary, we investigate the BKT phase transition for a 2D SO coupled Fermi gas subject to Zeeman fields and find finite BKT temperatures for both gapped and gapless FF superfluids in sharp contrast to the case without SO coupling, where it is zero due to the vanishing transverse superfluid density. Our findings demonstrate the feasibility for the experimental observation of FF superfluids (gapped or gapless, topological or non-topological) and the associated topological excita-tions (e.g., Majorana fermions) in a 2D spin-orbit coupled Fermi gas at finite temperature.
SUPPLEMENTARY MATERIALS
In the main text we present various physical quantities including the BKT temperature, superfluid density tensor, and speed of sound for a spin-orbit coupled Fermi gas subject to both in-plane and out-of-plane Zeeman fields. Here we provide more detailed calculation information in Sec. S-1 and S-2 and plot anisotropic V-AV structures in Sec. S-3.
S-1. DERIVATION OF SUPERFLUID DENSITY TENSOR AND SOUND SPEED
In quantum field theory, the partition function can be written as Z = Tr(e −βH ) = D(ψ, ψ)e −S ef f [ψ,ψ] with β = 1/T at the temperature T . The effective action is
where dτ is an integral over the imaginary time τ and H(ψ, ψ) is obtained by replacingΨ † σ andΨ σ with Grassman field numberψ σ and ψ σ . We can transform the quartic interaction term to quadratic one by Hubbard-Stratonovich transformation, where the order parameter ∆(r, τ ) is defined. By integrating out fermion fields, the partition function
, where the effective action can be written as
Here the inverse single particle Green function G −1 = −∂ τ − H B in the Nambu-Gor'kov representation with 4 × 4 Bogoliubov-de Gennes (BdG) Hamiltonian
Assume that a mean-field solution has the FF form ∆(r, τ ) 0 = e iQy y ∆ 0 with the space independent ∆ 0 given that the in-plane Zeeman field deforms the Fermi surface along the y direction, leading to finite momentum pairing along that direction [1] . Through Fourier transformation and the summation of Matsubara frequency, this form of ∆(r, τ ) yields mean-field thermodynamical potential [2, 3] .
To study the effects of phase fluctutations, we assume ∆(r) = ∆ 0 e iQy y+iθ(τ,r) with phase fluctuations field θ(τ, r) around the saddle point. The unitary transformed inverse Green function becomes
via the unitary operator
Here G −1 0 represents the mean-field part and
the self-energy contributed by phase fluctuations. Substituting Eq. 9 to Eq. 7 leads to the effective action
where S 
Here G 0 (−iω n , k) is the Fourier transformation of G 0 (r, τ ) with Matsubara frequency ω n = (2n+1)π/β; tr 4 represents the trace calculation for a 4 × 4 matrix. Note that we calculate the summation over Matsubara frequency numerically due to the absence of the analytical expression of G 0 . Our numerical results show that J xy = 0 and J τ x = 0 while J τ y = 0 for FF superfluids, which is reasonable considering that the symmetry of the quasi-particle exciations along the y direction is broken while that along the x direction is kept. In the absence of Zeeman fields, these parameters can be analytically written as
and J xy = J τ y = J τ x = 0. Here the quasi-particle excitation spectrum is
with ξ k = 2 k 2 /2m − µ. These expressions are exactly the same as previous results [4] . For the FF superfluids, Q y = 0, leading to J xx = J yy corresponding to anisotropic superfluid densities.
To obtain the low excitation spectrum, we write the effective action in Fourier space
where θ(n, k) is the Fourier transformation of θ(r, τ ); iω n has been taken analytically to E sw (k + i0 + ). The low excitation energy spectrum can be obtained by
which leads to the dispersion
Clearly, the dispersion along each direction is linear around k = 0, with the slope (i.e. sound speeds) written as
In normal superfluids where J τ y = 0 and J x = J y , the speeds of sound are isotropic. However, in FF superfluids where J τ y = 0 and J x = J y , they are anisotropic and even different along the positive and negative y directions. It it important to note that anisotropic sound speeds also happen in anisotropic systems such as equal Rashba-Dresshaul spin-orbit coupled Fermi gases [5] where J x = J y , but in that system J τ y = 0, implying that they are the same along the positive and negative y directions. The integration of spin-wave part yields 
In the presence of spin-wave excitations, the generalized saddle point equation and particle number equation become ∂Ω 0 /∂∆ 0 = 0,∂Ω/∂Q y = 0, and ∂Ω/∂µ = −n.
S-2. GENERALIZED KOSTERLITZ-THOULESS RELATION
For FF superfluids with anisotropic superfluid densities, the BK relation [6, 7] corresponding to isotropic superfluid densities should be generalized. We consider a free vortex θ v = arctan(ρ 2 y/x) emerging at the temperature T in a FF superfluid, the free-energy change of the system is
where U v is the energy of the vortex in a system of size R
= π J xx J yy ln(R/a) with the size of the vortex core a. The entroy of the vortex is
because the number of configurations that a vortex localizes in a system is (R/a) 2 . Here we set k b = 1. It turns out that a single vortex can be thermally excited when F = 0, leading to the BKT temperature T = π 2 J xx J yy (35) This is the generalized KT relation [5] , which becomes KT relation when J xx = J yy . 
S-3. VORTEX-ANTIVORTEX VELOCITY FIELD STRUCTURE
In the main text, we have shown that anisotropic V-AV pairs emerges across the BKT temperature. The anisotropy originates from the phase field depending on the radio of superfluid densities along different directions. Here, to visualize V-AV pairs, we plot their velocity fields in Fig. 4 . It is clearly shown that there are three distinct vortex cores: elliptical with the major axis along the x direction in (a), circular in (b), and elliptical with the major axis along the y direction in (c), corresponding to ρ xx > ρ yy , ρ xx = ρ yy , and ρ xx < ρ yy respectively. We note that although V-AV pairs have circular structure in (b), the same as traditional BCS superfluids, the superfluids have Cooper pairs with finite center-of-mass momenta.
